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1 Physical observable nets
The fragmentation theorem in the main text requires a physically accessible observable net. Let

Hx =
⊕

m∈M

Kx,m. (1)

The full microscopic algebra End(Hx) contains inter-sector matrix units |m⟩⟨m′|; the observable
net below retains the block-diagonal sector accessible to physical measurements. The observable
net used in the theorem is

Aobs
X =

⊕
mX∈MX

End
(⊗

x∈X

Kx,mx

)
. (2)

Its centre contains the cylinder projections PC for label events. This is the algebra used when
the labels are superselected, gauge-hidden, or operationally inaccessible.

Lemma 1 (Commutant of the block observable net). Let PC be a finite label-cylinder projection.
If A ∈ Aobs

X is block diagonal in the label decomposition, then [A, PC ] = 0 whenever C is
measurable with respect to the labels in X or disjoint from X after extension by identity. If the
dynamics is label-preserving, then [αn(A), PC ] = 0 for all n whenever PC is invariant under the
induced label map.

Proof. Both A and PC are diagonal with respect to the same direct-sum decomposition over label
configurations. Label preservation implies αn(PC) = PC and carries block-diagonal observables
to block-diagonal observables. The claim follows by direct multiplication on each sector.

2 Thermodynamic Kubo-Mori fluctuation space
Let ω be a faithful, translation-invariant state on a quasi-local C∗-algebra A with modular
group σω

t in the GNS representation. For local zero-mean A, B define the connected Kubo-Mori
covariance

Cω(A, B) =
∫ 1

0

[
ω(A∗σω

−is(B)) − ω(A∗)ω(B)
]
ds. (3)

Assume exponential clustering: there are C, µ > 0 such that

|Cω(A, τx(B))| ≤ C∥A∥∥B∥e−µ dist(supp A,supp τxB) (4)
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for all local A, B. Then
sω(A, B) =

∑
x∈Zd

Cω(A, τx(B)) (5)

converges absolutely and is positive semidefinite.
Let N = {A : sω(A, A) = 0}. The fluctuation Hilbert space is

Hfl = A0
loc/N

sω
. (6)

Equivalently, for smooth compactly supported test functions f and boxes ΛL,

FL(f, A) = L−d/2 ∑
x∈ΛL

f(x/L) (τx(A) − ω(A)1) (7)

has covariance
lim

L→∞
ω
(
FL(f, A)∗FL(g, B)

)
=
(∫

Rd
f(u)g(u)du

)
sω(A, B) (8)

under the same clustering hypothesis.

3 Closed forms and sectoriality
Let C ⊂ Hfl be the image of local observables and let e be a densely defined sesquilinear form on
C. It is sectorial with vertex zero if

Re e[u, u] ≥ 0, | Im e[u, u]| ≤ tan θ Re e[u, u] (9)

for some θ < π/2. It is coercive on QHfl if

Re e[u, u] ≥ c∥u∥2, u ∈ QC. (10)

If e is closable, its closure generates a unique maximal sectorial operator M satisfying

e[u, v] = ⟨u, Mv⟩ (11)

for v ∈ Dom(M) and u ∈ Dom(e). Coercivity implies 0 ∈ ρ(M) and

∥M−1∥ ≤ c−1 sec θ. (12)

This is the analytic input used in the Feshbach-Schur proof.

4 Hydrodynamic fibres
Translation invariance diagonalizes fluctuation fields into Bloch fibres. For a finite box with
periodic boundary conditions, write

Ak = |ΛL|−1/2 ∑
x∈ΛL

e−ik·xτx(A), k ∈ (2π/L)Zd. (13)

If the finite-volume generators LL have a strong-resolvent limit on the fluctuation Hilbert space
and commute with translations, then

L =
∫ ⊕

Td
L(k) dk. (14)

The analytic hypothesis in the main theorem is a model-level condition. It is verified directly in
the exchange-dephasing sector and can also be obtained from a controlled projection method.
One sufficient condition is a common form core C and a relative expansion

∥(L(k) − L0 − ikiVi + kikjWij)u∥ ≤ C|k|3∥(1 − L0)u∥, u ∈ C. (15)
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5 Detailed Feshbach-Schur expansion
Let P = χ−1|r⟩⟨r| and Q = 1 − P . Let M = −QL0Q. By the sectorial gap,

Q(L(k) − λ)Q = −M + Q∆(k, λ)Q, (16)

where ∥∆(k, λ)M−1∥ < 1 for |k| + |λ| sufficiently small. Thus

[Q(L(k) − λ)Q]−1 = −M−1 − M−1Q∆(k, λ)QM−1 + O((|k| + |λ|)2). (17)

Substituting into the Feshbach map gives

F (k, λ) = − λP − kikjPWijP − kikjPViQM−1QVjP (18)
+ O(|k|3 + |k|2|λ| + |λ|2). (19)

Since P is one-dimensional, F (k, λ) = 0 is a scalar equation. The implicit-function theorem
gives the unique branch

λ(k) = −kikjχ−1
(
⟨r, Wijr⟩ + ⟨QVir, M−1QVjr⟩

)
+ O(|k|3). (20)

This is the formula stated in the main text.

6 Exchange-dephasing model
On a finite torus let

L(A) =
∑
⟨x,y⟩

∑
s=±

(
v∗

xy,sAvxy,s − 1
2{v∗

xy,svxy,s, A}
)

+ Ldep(A) (21)

with the jump operators given in the main text. Since for every edge both orientations are present
and ωρ =

⊗
x((1 − ρ)|0⟩⟨0| + ρ|1⟩⟨1|) satisfies detailed balance for the exchange dynamics, L is

self-adjoint in the Kubo-Mori form on the closed one-density fluctuation sector. The conserved
density obeys

L(nx) = γ
d∑

i=1
(nx+ei + nx−ei − 2nx). (22)

Therefore the Fourier mode qk satisfies

L(qk) = −2γ
d∑

i=1
(1 − cos ki)qk. (23)

The hydrodynamic tensor is Dij = γδij . The dephasing term does not change qk but adds a
strictly positive decay rate to coherences. On the closed one-density fluctuation sector generated
by qk, the only zero mode at k = 0 is the scalar charge density. Thus the primitive-centre and
sectoriality assumptions are verified in this explicit sector.

7 Monotone obstruction under admissible RG
Let E be a state-preserving conditional expectation. Petz monotonicity gives

⟨E(A), E(A)⟩KM,E∗(ω) ≤ ⟨A, A⟩KM,ω. (24)

Hence the squared norm of any projected current cannot increase. Let Z be the centre of the
hydrodynamic algebra and Z0 the primitive centre. If q is a quotient by syndrome-trivial central
projections, then

dimMvN(qZq/qZ0q) ≤ dimMvN(Z/Z0). (25)
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For sectorial forms, compression and quotient by null subspaces preserve membership in the
closed sectorial cone. Finally, the metric measure condition in the definition of admissibility
requires preservation of absolute continuity on retained sectors. These statements prove the
termwise monotonicity of Φ.

8 Hypercharge algebra
The anomaly calculation used in the restricted gauge-code application is elementary but included
for reproducibility. Yukawa closure gives

yu = yq + yH , yd = yq − yH , ye = yℓ − yH . (26)

The SU(2)2U(1) condition gives yℓ = −3yq. The gravitational anomaly then gives

6yq − 3(yq + yH) − 3(yq − yH) + 2(−3yq) − (−3yq − yH) = 0, (27)

which reduces to yH = −3yq − ye. With ye = −1 and the cubic anomaly, the nontrivial chiral
solution is

yq = 1
6 , yH = 1

2 , yu = 2
3 , yd = −1

3 , yℓ = −1
2 , ye = −1. (28)

Vectorlike pairs or sterile singlets are outside this one-generation non-spectator calculation unless
separately assigned copy syndromes and morphisms.

9 Scalar threshold arithmetic
The Maxwell radial mean in three dimensions is

E|Z| = 1
(2π)3/2 4π

∫ ∞

0
r3e−r2/2 dr =

√
8
π

. (29)

The copy suppression required to reduce σraw below a limit σlim is

Scopy ≥ 1
2 log

(
σraw
σlim

)
. (30)

For σraw = 3.8 × 10−28 cm2 and σlim = 4.0 × 10−48 cm2 this gives

Scopy ≥ 22.974 . . . . (31)

Rounding upward gives the stated threshold Scopy ≃ 23.0.
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